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Abstract  The principal aim of this paper is to extend some recent results which concern
problems involving bifunctions to similar generalized problems for multivalued bifunctions.
To this end, by using the appropriate notions of strict pseudomonotonicity we establish the
relationships between generalized vector equilibrium problems and generalized minimal ele-
ment problems of feasible sets. Moreover relationships between generalized least element
problems of feasible sets and generalized vector equilibrium problems are studied by employ-
ing the concept of Z-multibifunctions.

Keywords Least element problem - Equilibrium problem - Nonlinear problem -
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1 Introduction

Cryer and Dempster (see [3]) studied the equivalence of linear complementarity problems,
linear programs, least-element problems, variational inequality problems, and minimization
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problems in vector lattice Hilbert spaces. Riddell in [7] extended these results to a certain
class of nonlinear monotone maps, called Z-maps, acting from a Banach space to its adjoint
space. Schaible and Yao (see [8]) proved the equivalence for these problems by introducing
stictly pseudomonotone Z-maps operating on Banach lattices, moreover in [1] the results of
Schaible and Yao were been extended to point-to-set maps. Fang and Huang (see [4]) intro-
duced the concept of feasible set for an equilibrium problem with a convex cone, generalized
the notion of a Z-map for bifunctions and they derived some equivalence results of equi-
librium problems, least element problems and nonlinear programming problems. Recently
Fang and Huang (see [5]), assuming a strict pesudomonotonicity and Z-maps assumptions,
established relationships between vector equilibrium problems, minimal element problems
and least element problems and they obtained a generalized sublattice property of feasible
sets for vector equilibrium problems in Banach lattices.

In this paper we establish the relationships between generalized vector equilibrium prob-
lems and generalized minimal element problems of feasible sets by using the appropriate
notions of strict pseudomonotonicity. Moreover we establish relationships between general-
ized least element problems of feasible sets and generalized vector equilibrium problems by
employing the concept of Z-multibifunctions.

2 Basic facts

Let (X, P) be an ordered Banach space, where X is a real Banach space and P is a pointed
convex cone. The partial order < on X induced by the pointed cone P is defined by declaring
x <yifandonlyify —x € P forx, y € X. P is called a positive cone on X. Let K C X
be a nonempty, closed and convex set. Let ¥ be a Banach space and IT(Y) be the set of all
non empty subsets of Y. Let F be a mapping from P x P to I1(Y). Let C C Y be a proper
closed, convex, and solid cone. We denote with F the feasible set of F with respect to P,
defined by

Fs={xeP:F(x,x+y) CC,Vye P}
We denote with Fy, the weak feasible set of F with respect to P, defined by
Fo={xeP:Fkx,x+y)Z —intC, Vy € P}.

In this paper we consider the following problems:

(I) Generalized strong vector equilibrium problem (in short GSVEP): Find x € P such

that F(x,y) € C, Vy € P.

(II) Generalized weak vector equilibrium problem (in short GWVEP): Find x € P such
that F(x,y) € —int C, Vy € P.

(III) Generalized least element problem associated with F; (in short GSLEP): Find x € F;
such that x <y, Vy € F;.

(IV) Generalized leastelement problem associated with F, (in short GWLEP): Find x € Fy,
such that x <y, Vy € Fy.

(V) Generalized minimal element problem associated with F: Find x € F such that there
isnoy € Fgwithy #xand y < x.

(VI) Generalized minimal element problem associated with Fy,: Find x € Fy, such that
thereisnoy € Fy withy # x and y < x.
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The purpose of this paper is to study the relationship of (I)—(VI).
We first recall the following notations and definitions.

Definition 1 A mapping F : K — TI(Y) is said to be hemicontinuous, if for any pair
x,y € K and « € [0, 1], the mapping & — F(ax + (1 — )y, y) is continuous at 0T,

Definition 2 (see[6]) Let F : K x K — T1(Y) and C be a closed, convex, and solid cone.
F is said to be C-quasiconvex, if F forallx € K, y' € K, y” € K and « € [0, 1], we have
Fx,y) S Fx,ay'+ (1 —a)y")+C
or
F(x,y") S F(x,ay' + (1 —a)y”") +C

Remark 1 We observe that Definition 2 means that F(x, .) foreach x € K is C-quasiconvex
(see [2]).

Definition 3 (see [6]) Let F : K x K — T1(Y), C C Y be aclosed, convex, and solid cone.
F is said to be explicitly C-quasiconvex, if F is C-quasiconvex and forall y’ € K, y” € K
and o € (0, 1), we have

Flay + (1 —a)y,y) S Flay + (1 —a)y’, ay+1—-a)y)+C
or
Flay'+ (1 —a)y”,y") S Flay' + (1 —a)y”, ay' + (1 —a)y")+C

and, in case F(ay' + (1 —a)y”,y) — F(ay' + (1 —a)y”,y”) Cint C for all @ € (0, 1),
we have

Flay' + (1 —a)y",y) S Flay'+ (1 —a)y”, ay+(1—-a)y)+C

Definition 4 Let F : K x K — I1(Y) and C C Y be a closed, convex, and solid cone. The
multibifunction F is said to be

(i) pseudomonotone of Type I if for all x, y € K, we have
F(x,y) € —intC = F(y,x) € int C.
(ii) strictly pseudomonotone of Type Lif forall x, y € K, x # y, we have
F(x,y) £ —intC = F(y,x) C —int C.
(iii) pseudomonotone of Type Il if for all x, y € K, we have
Fx,y)£C= F(y,x) £int C.
(iv) strictly pseudomonotone of Type Il if for all x, y € K, x # y, we have
F(x,y) CC = F(y,x) C —int C.

Remark 2 The property of (strict) pseudomonotonicity of Type Il implies (strict) pseudomo-
notonicity of Type L.

Definition 5 A multibifunction F : K x K — TI(Y) is said to be negative at infinity, if, for
each x € K there exists some constant p(x) such that F(y, x) € —int C for all y € K with
Iyl = p(x).
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3 Z-map and Z-multibifunction

We first recall the following definitions. Let X™* be the adjoint space of X with (u, x) denoting
the value of u € X* at x € X. Let P* be the dual cone

P*={ueX":{ux)>0Vxe P}

Definition 6 (see [7]) Let X be a Banach space which is also a vector lattice with positive
cone P,andlet T : P — P*. T is said a Z-map relative to P if for any x,y,z € P,
Z A (x —y) = 0 implies that (T'(x) — T (y)) < 0.

Definition 7 Let (X, P) be a vector lattice induced by a pointed, closed and convex cone
P and a bifunction F : P x P — R. F is said a Z-bifunction if for any x,y,z € P,
ZA(x —y)=0and F(x, x +z) > 0 imply that F(y, y +z) > 0;

Example 1 Consider X = R and P = R, and F be defined by
F(x,y) = (= Dy =)
It is easy to see that F is a Z-bifunction.

Proposition 1 Let (X, P) be avector lattice induced by a pointed, closed and convex cone P
andT : P — X* bea Z-map. Then the bifunction F (x, y) = (T (x), y—x) is a Z-bifunction.

The following definition extends the definition of Z-map introduced in [7] and
Definition 7.

Definition 8 Let (X, P) be a vector lattice induced by a pointed, closed and convex cone P
and F : P x P — TI1(Y) be a multibifunction. F is said a Z-multibifunction of type I if for
anyx,y,z€ P,zA(x—y) =0and F(x, x+z) € —int C imply that F(y, y+z) € —intC.

Example 2 Let X =Y = R*>and P = R3, F : P x P — TI(Y) be defined by
F(x,y) = {(u,v) eER*:u=1 — Y,V € [O,x%]}
Letx = (x1,x2), ¥y = (31, y2), 2= (21,22) € P withz A (x — y) = 0; we have

F(x,x+z):{(u,v)eR2:u:1—x1 —m,ve[O,x%]}
F(y.y+2={wv) eR* u=1-y —z;,ve0y3]}

We consider the following cases:

1) z1,22=20,x1 =y, x20=

F(x,x—l—z):{(u,v)eRzzuzl—xl—zl,ve[O,xg]} & —intC
=>F(y,y+z):{(u,v)€R2:u:1—x1—zl,ve[O,xg]} Z —intC

(2) 21 20,220 =0,x1 = y1,x2 >y

F(x,x—l—z):{(u,v)eRz:uzl—xl—zl,ve [O,xg]} Z —intC
=FO.y+={wv)eR u=1-x —z,vel0,y]} £ —intC
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(3 z1=0,22=0,x1 > y1,x2 =y
Fx,x+2z2) = {(u,v) cR>:u=1 — X1,V € [0,x22]} Z —intC
=F@y,y+2= {(u,v) €ER*:u=1-y,ve [0,x§]} Z —intC
4) z1=22=0,x1 >y, x2 > »
Fx,x+2z2) = {(u,v) eR*:u=1 — X1,V € [0,x22]} & —intC
:>F(y,y+z)={(u,v)eR2:u:1—yl,ve[O,y%]}Z—intC
Thus, F is a Z-multibifunction of type I.

Moreover the following definition generalizes Definition 2.7 of [5] of vector Z-map of
type 1I.

Definition 9 Let (X, P) be a vector lattice induced by a pointed, closed and convex cone P
and a multibifunction F : P x P — TI(Y). F is said a Z-multibifunction of type II if for
anyx,y,z€ P,z=xAyand F(x,x +y —z) € —int C imply that F(z, y) £ —int C.

Proposition 2 Let (X, P) be a vector lattice induced by a pointed, closed and convex cone
Pand F : P x P — T1(Y) be a Z-multibifunction of type 1. Then F is a Z-multibifunction

of type I1.

Proof Letx,y,z € P suchthatz = x A y. It follows that (x —z) A (y —z) = 0.
Let F: P x P — T1(Y) be a Z-multibifunction of type I. If F(x,x +y —z) € —int C,
then F(z,z+y—2z) = F(z,y) € —int C. u]

4 Main results

In this section we derive some results on the relationships between problems (I)-(VI) under
some suitable conditions. In what follows, unless otherwise specified, we assume that P is a
pointed, closed and covex cone of a real Banach space X and (X, P) is a lattice.

Theorem 1 Suppose that F : P x P — T1(Y) is a strictly pseudomonotone multivalued
bifunction of Type I. Then every solution of (Il) is also a solution of (VI).

Proof Let x* € P be a solution of GWVEP, this implies
F(x*,y) € —intC, Vy € P. )

Since P is a cone, one has F (x*, x* + y) € —intC for any y € P, then x* € F,. We claim
that x* is a solution of GWLEP. Suppose that x* is not a solution of GWLEP, then there
exists some x € Fy, with x* # x such that x* — x € P. Then F(x, x +x* — x) € —intC
and, by the fact that F is a strictly pseudomonotone multivalued bifunction of Type I, we
have F(x*, x) € —intC, which contradicts (1). The proof is complete. O

Theorem 2 Suppose that F : P x P — T1(Y) is a strictly pseudomonotone multivalued
bifunction of Type II. Then every solution of (1) is also a solution of (V).

Proof Let x* € P be a solution of GSVEP, this implies
Fx*,y)SC, VyeP. 2)
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Since P is a cone, one has F(x*, x* 4+ y) C C for any y € P, then x* € F;. We claim that
x* is a solution of problem (V). Suppose that x* is not a solution of problem (V), then there
exists some x € Fy, with x* # x such that x* — x € P. Then F(x,x + x* — x) C C and
by the fact that F is a strictly pseudomonotone multivalued bifunction of Type II, we have
F(x*, x) € —intC, which contradicts (2). The proof is complete. ]

Theorem 3 Suppose that F : P x P — I1(Y) is strictly pseudomonotone of type I and F
is a Z-multibifunction of Type 1. Then every solution of (Il) is also a solution of (IV).

Proof Let x* € P be a solution of GWVEP, this implies
F(x*,y) € —intC, Vy € P. 3)

Since P is a cone, one has F (x*, x* + y) € —intC for any y € P, then x* € F,,. Now, we
will prove that x* < x for any given x € F. For that, let z = x* A x. Since x* € P and
x € P and (X, P) is a vector lattice then z € P. Substituting z into (3), we have

F(x*,z) € —intC “4)
and, by the fact F' is pseudomontone, from (4) it follows that

F(z,x*) € —int C. 5)
Moreover, if x € Fy, as x* —z € P, F(x,x +x* — z) € —intC. By the fact that F is

a Z-multibifunction of type I, it follows that F(z, x*) € —intC which contradicts (5). The
proof is complete. o

Theorem 4 Suppose that F : P x P — T1(Y) is strictly pseudomonotone of type Il and F
is a Z-multibifunction of Type 1. Then every solution of (1) is also a solution of (I1I).

Proof Letx* € P be a solution of GSVEP. Then
F(x*,y)SC, VyeP. ©6)
Since P is a cone, one has F(x*,x* 4+ y) C C, Vy € P, then x* € Fs. Now we will prove
that x* < x for any given x € F;. Let z = x™ A x. Since x* € Pand x € P and (X, P) isa
vector lattice, we have z € P. Substituting z into (6), we have
Fx*,2) € C @)
and, by the fact that F is strictly pseudomontone of Type II, from (7) it follows that

F(z,x*) € —int C. ®)

Moreover, if x € Fx,asx* —z € P, F(x,x +x* —z) € —intC. Since F is a Z-multibi-
function of type L, it follows that

F(z,x*) € —intC. 9

which contradicts (8). The proof is complete. O
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5 Properties of feasible sets

Proposition 3 (see [6]) Let X, Y be real Banach spaces and K be a nonempty, bounded
and closed convex subset of X, F : K x K — TI(Y) and C C Y be a closed, convex, and
solid cone. Assume that

(i) F is a pseudomonotone multibifunction of Type I;
(i) F(x,x) S Cforallx € K,
(iii) F is explicitly C-quasiconvex;
(iv) F (-, y) is hemicontinous forall y € K;
(v) ﬁ(y):{xeK:F(y,x)gintC}isopenforallyGK.

Then the GWVEP has solution.

Remark 3 If K is not bounded, a coercivity condition guarantees the existence of a solution

(I5D-

Lemma 1 Let P € X a closed convex cone, X be a (reflexive) real Banach space, F :
P x P — TI(Y) be a (strictly) pseudomonotone multivalued bifunction of Type I and
C C Y be a closed, convex, and solid cone. Then for a fixed z € P, the multibifunction
F, : P x P — TI(Y) defined by F yp;(x,y) = F(x +z,y +2), x,y € P is (strictly)
pseudomonotone of type 1.

Proof For x,y € P, suppose F,(x,y) € —int C, then F(x +z,y+2) € —int C. As F is
pseudomonotone of type I, it follows that F (y+z, x+z) € int C and hence F,(y, x) € intC.
Therefore F, is also pseudomonotone of type 1. O

Proposition 4 Let X be a real reflexive Banach space. Let Y be a real Banach space and C
be a closed, convex, and solid cone. Let P C X be a pointed, closed and convex cone and
F : P x P — T1(Y) be a pseudomonotone multibifunction of Type I and negative at infinity.
Suppose that

(i) F(x,x) S Cforallx € P,
(i) F is explicitly C-quasiconvex;
>iii) F(x,-) is lower semicontinuous for all x € P;
({iv) F(-,y) is hemicontinuous forall y € P;
(v) forafixedz € P, forany givenx,y € P, F,(x, w) € —intC implies that F,(x, y) &
—intCwithw =Xy + (1 —A)x, 0<i <1

Then for any given z € P,
I*eP:F(z+x*z+y) € —intC, Vy € P. (10)

Proof For fixed z € P the function F(-, y) is hemicontinous for all y € P. By Lemma 1,
F; is also pseudomonotone of Type I.
Let p = ||z|| + p(z) where p(z) is defined as in Definition 5. Let

D={y:yeP, Iyl =p}
By Proposition 3 there exists a point x* € P with ||x*|| < p such that

F,(x*,y) = F(x*+z,y+2) € —intC, Vy € D. (11)
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Now, we prove that || x*|| < p. In fact ||x*|| = p implies [|x* + z|| > [|x*|| — lIz]l = p(2)
and, since F is negative at infinity,

F(x*+2z,7) € —intC (12)

Moreover, letting y = Oin (11),onehas F (x*+z, z) € —intC, which contradicts (12). There-
fore ||x*|| < p.Giveny € P, we canchoose 0 < A < | suchthatw = Ay+ (1 —A)x* € D.
It follows that

F(x*, w) = F(x*+z, Ay + (1 = M)x* +2) € —intC. (13)
Therefore by assumption (v) we have F,(x*, y) € —intC, Vy € P. ]

Corollary 1 Suppose that F satisfies the assumptions of Proposition 4 and in addition F is
strictly pseudomonotone of Type I. Then the solution x* of the problem (10) is unique.

Now we give a result about a property of the feasible set 7, of a multivalued Z-bifunction
F with respect to P.

Theorem 5 Let X be a real reflexive Banach space. Let Y be a real Banach space and C
be a closed, convex, and solid cone. Let P C X be a pointed, closed and convex cone and
F : P x P — II(Y) be a strictly pseudomonotone of Type I Z-multibifunction and negative
at infinity. Suppose that

(i) F(x,x) S Cforallx € P,
(ii) F is explicitly C-quasiconvex;
>iii) F(x, -) is lower semicontinuous for all x € P;
@{iv) F(-,y) is hemicontinuous for all y € P.
(v) forany given z € P, F(x,w) € —intC implies F(x,y) € —intC with w = Ly +
A=Mx50<xr<1, x,y€P.

Then the feasible set F is a sublattice, i.e., x € Fy andy € Fy, imply that x Ay € Fy,.

Proof Suppose x,y € Fy andletz = x Ay. Since x, y € P, also z € P. By Proposition 4,
there exists x* € P such that

F(x*4+z,y+2z) € —intC, Yy € P. (14)

Foranyv € P,x*+v € P thus Fx*+z,x*+v+2z) £ —int C, Yv € P.

Letzi =x A(z+x*) and 20 = y A (2 + x™). Suppose z1 # z + x*. By the fact x € Fy,
andz +x* —z; € P,wehave F(x,x + 7z +x* — 7)) £ —int C.

From the definition of a Z-multibifunction, it follows that F(z;, x* + z) € —int C.

By using the strictly pseudomonotonicity of F', we have that

F(x*+2z,z1) € —int C. (15)
Moreover, substituting z; — z into (14) we have F(x* + z, z1) € —int C which contradicts

(15). Then z; = z + x* and so z + x* < x. Similarly, we can prove that zo = x* + z and
x* 4z <y.Hence x* 4+ z < x Ay = zand so x* = 0. The proof is complete. O
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